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 The research objective of this paper is to obtain odd harmonious labeling on 
layered graph C(x,y) and layered graph D(x,y). The research method used in this 
paper is a qualitative research method. The research flow consists of data 
collection, processing, and analysis. The research results in this paper show that 
the layered graph C(x,y) and layered graph D(x,y) fulfill odd harmonious labeling. 
Such that the layered graph C(x,y) and layered graph D(x,y) are odd harmonious 
graphs.  Keyword :  

Harmonious labeling;  
Layared graphs; 
Odd harmonious 
graphs; Odd 
harmonious labeling; 
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A. INTRODUCTION  
Graph labeling has been a highly developed graph theory topic in recent years, in addition 

to researchers interested in developing the theory, some have also found applications of 
graph labeling in communication network problems, data security, or cryptography. Graph 
labeling is basically labeling vertices and edges with specific properties (Gallian, 2019). There 
are several types of graph labeling, and one type of graph labeling studied by researchers is 
the odd harmonious labeling. The graph  𝐺(𝑝, 𝑞) with 𝑝 = |𝑉(𝐺)| and 𝑞 = |𝐸(𝐺)| is an odd 
harmonious graph if it fulfills the injective vertex labeling function 𝑓: 𝑉(𝐺) → {0,1,2,3, … ,2𝑞 −
1} and the bijective edge labeling function 𝑓∗: 𝐸(𝐺) → {1,3,5,7, … ,2𝑞 − 1} defined by 𝑓∗(𝑎𝑏) =
𝑓(𝑎) + 𝑓(𝑏) (Liang & Bai, 2009). 

Here are some odd harmonious graph classes that have been found by researchers. Abdel 
Al has obtained odd harmonious labeling of cyclic snake graphs (Abdel-Aal, 2013). Saputri et 
al have obtained dumbbell graphs are odd harmonious graphs (Saputri et al., 2013). Jeyanthi 
and Philo have proved that shadow graphs are cycles graphs with sharing a common vertex 
and edge are odd harmonious graphs  (Jeyanthi & Philo, 2016). Abdel-Aal and Seoud have 
proved the odd harmonious labeling of splitting graphs (Abdel-Aal & Seoud, 2016). Firmansah 
have obtained odd harmonious graph classes, namely snake net graphs (Firmansah & Yuwono, 
2017a) and amalgamation of double quadrilateral windmill graphs (Firmansah & Syaifuddin, 
2018).  

Renuka and Balaganesan have proved odd harmonious labeling of complete bipartite 
graphs (Renuka & Balaganesan, 2018a) and triangular snake graphs (Renuka & Balaganesan, 
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2018b). Seoud and Hafez are introducing strongly odd harmonious graphs (Seoud & Hafez, 
2018). Kalaimathi and Balamurugan obtained computation of even odd harmonious labeling 
(Kalaimathi & Balamurugan, 2019). Jeyanthi and Philo have obtained odd harmonious 
labeling of pyramid graphs (Jeyanthi & Philo, 2019), line and disjoint union of graphs (Philo & 
Jeyanthi, 2021), and step ladder graphs are odd harmonious graphs  (Jeyanthi & Philo, 2020). 
In another paper, Jeyanthi et al have proved that super subdivision graphs are odd 
harmonious graphs (Jeyanthi, Philo, & Siddiqui, 2019) and grid graphs are odd harmonious 
graphs (Jeyanthi, Philo, & Youssef, 2019).  

Febriana and Sugeng have proved squid graphs and double squid graphs are odd 
harmonious graphs (Febriana & Sugeng, 2020). Govindarajan and Srividya have obtained 
even cycles graphs and dragons graphs are odd harmonious graphs (Govindarajan & Srividya, 
2020). Furthermore, edge amalgamation from double quadrilateral graphs (Firmansah & 
Tasari, 2020), multiply net snake graphs (Firmansah, 2020b), and double triangular snake 
graphs (Senthil & Ganeshkumar, 2020). Firmansah and Giyarti have obtained an 
amalgamation of the generalized double quadrilateral windmill graph (Firmansah & Giyarti, 
2021).  

Zara et al have proved that even odd harmonious labeling of some graphs (Zala et al., 
2021). Mumtaz and Silaban have obtained snake graphs with hair (Mumtaz & Silaban, 2021). 
In another paper, Mumtaz et all proved that matting graphs are odd harmonious graphs 
(Mumtaz et al., 2021). Sarasvati et al have obtained odd harmonious labeling of Pn C4 and Pn 
D2(C4) (Sarasvati et al., 2021). Firmansah has proved that string graphs are odd harmonious 
graphs (Firmansah, 2022). The relevant research results about odd harmonious graph classes 
that have been found can be seen in (Jeyanthi & Philo, 2015), (Jeyanthi et al., 2015), 
(Firmansah & Yuwono, 2017b),  (Firmansah, 2017), (Sugeng et al., 2019), (Firmansah, 2020a) 
and (Pujiwati et al., 2021).  

In line with the relevant research results, the author constructs new graph classes, namely 
layered graphs 𝐶(𝑥, 𝑦) and layered graphs 𝐷(𝑥, 𝑦). Furthermore, the author has proved that 
the layered graph 𝐶(𝑥, 𝑦)  and layered graph 𝐷(𝑥, 𝑦) satisfy the properties of odd harmonious 
labeling such that they are a new family of odd harmonious graphs. It is possible that this 
result can also be used to solve graph labeling problems, especially odd harmonious graph 
labeling. 
 
B. METHODS 

The research method used in this paper is a qualitative research method. The research 
flow consists of data collection, processing, and analysis.  After the definition of the graph 
class is formed, it is continued with the vertex labeling construction and edge labeling 
construction. Furthermore, the construction of toerem and its proof are formed. The research 
method is as follows.  
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Figure 1. Flowchart research methodology 

C. RESULT AND DISCUSSION 
1. Construction of layered graph 𝑪(𝒙, 𝒚) and its odd harmonious labeling  

The following definition is given for a layered graph 𝐶(𝑥, 𝑦) 
Definition 1.  
Layered graph 𝐶(𝑥, 𝑦) with 𝑥 ≥ 1  and 𝑦 ≥ 1  is a graph with    

𝑉(𝐶(𝑥, 𝑦)) = {𝑎𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1} ∪ {𝑏𝑖

𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 2𝑦}  and  

𝐸(𝐶(𝑥, 𝑦)) = {𝑎𝑖
𝑗
𝑏𝑖

2𝑗−1
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑎𝑖

𝑗
𝑏𝑖

2𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪

{𝑏𝑖
2𝑗−1

𝑎𝑖
𝑗+1

|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑏𝑖
2𝑗

𝑎𝑖
𝑗+1

|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑎𝑖−1
𝑦+1

𝑎𝑖
1

| 2 ≤ 𝑖 ≤ 𝑥}. 

In such a way that it is obtained 𝑝 = |𝑉(𝐶(𝑥, 𝑦))| = 3𝑥𝑦 + 𝑥 and 𝑞 = |𝐸(𝐶(𝑥, 𝑦))| =

4𝑥𝑦 + 𝑥 − 1. The following is given the construction of the layered graph 𝐶(𝑥, 𝑦).  
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Figure 2. Construction of a layered graph 𝐶(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1. 
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Theorem 2.  
Layered graph 𝐶(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1 is an odd harmonious graph.  
Proof.  

Define vertex labeling function as follows 

𝑓(𝑎𝑖
𝑗
) = (4𝑦 + 1)𝑖 + 4𝑗 − 4𝑦 − 5, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1     (1)  

𝑓(𝑏𝑖
𝑗
) = (4𝑦 + 1)𝑖 + 2𝑗 − 4𝑦 − 2, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 2𝑦     (2) 

Based on (1) and (2), a different label is obtained at each vertex  and  𝑉(𝐶(𝑥, 𝑦)) ⊆

{0,1,2,3, … ,8𝑥𝑦 + 2𝑥 − 3} so the function 𝑓 is injective. 
Next, define edge labeling function as follows 

𝑓
∗

(𝑎𝑖
𝑗
𝑏𝑖

2𝑗−1
) = (8𝑦 + 2)𝑖 + 8𝑗 − 8𝑦 − 9, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦    (3) 

𝑓∗(𝑎𝑖
𝑗
𝑏𝑖

2𝑗
) = (8𝑦 + 2)𝑖 + 8𝑗 − 8𝑦 − 7, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦    (4) 

𝑓∗(𝑏𝑖
2𝑗−1

𝑎𝑖
𝑗+1

) = (8𝑦 + 2)𝑖 + 8𝑗 − 8𝑦 − 5, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦   (5) 

𝑓∗(𝑏𝑖
2𝑗

𝑎𝑖
𝑗+1

) = (8𝑦 + 2)𝑖 + 8𝑗 − 8𝑦 − 3, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦    (6) 

𝑓∗(𝑎𝑖−1
𝑦+1

𝑎𝑖
1

) = (8𝑦 + 2)𝑖 − 8𝑦 − 3, 2 ≤ 𝑖 ≤ 𝑥      (7) 

Based on (3), (4), (5), (6) and (7) a different label is obtained at each edge  and  

𝐸(𝐶(𝑥, 𝑦)) = {1,3,5,7, … ,8𝑥𝑦 + 2𝑥 − 3} so the function 𝑓
∗
 is bijective. 

Consequently the layered graph 𝐶(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1 is an odd harmonious 
graph ∎ 

Here is the odd harmonious graph of the layered graph 𝐶(5,5).  
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Figure 3. The layered graph 𝐶(5,5)  
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2. Construction of layered graph 𝑫(𝒙, 𝒚) and its odd harmonious labeling  
The following definition is given for a layered graph 𝐷(𝑥, 𝑦) 

Definition 3.  
Layered graph 𝐷(𝑥, 𝑦)with 𝑥 ≥ 1 and 𝑦 ≥ 1 is a graph with   

𝑉(𝐷(𝑥, 𝑦)) = {𝑎𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑏𝑖

𝑗
| 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 2𝑦 + 1} ∪

{𝑐𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1} and 𝐸(𝐷(𝑥, 𝑦)) = {𝑎𝑖

𝑗
𝑏𝑖

2𝑗−1
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪

{𝑎𝑖
𝑗
𝑏𝑖

2𝑗
| 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑎𝑖

𝑗
𝑏𝑖

2𝑗+1
| 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪

{𝑏𝑖
2𝑗−1

𝑐𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1} ∪ {𝑐𝑖

𝑗
𝑏𝑖

2𝑗
| 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪

{𝑏𝑖
2𝑗

𝑐𝑖
𝑗+1

|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑐𝑖−1
𝑦+1

𝑏𝑖
1

|2 ≤ 𝑖 ≤ 𝑥}.  

In such a way that it is obtained 𝑝 = |𝑉(𝐷(𝑥, 𝑦))| = 4𝑥𝑦 + 2𝑥 and 𝑞 = |𝐸(𝐷(𝑥, 𝑦))| =

6𝑥𝑦 + 2𝑥 − 1.  
The following is given the construction of the layered graph 𝐷(𝑥, 𝑦).  
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Figure 4. Construction of a layered graph 𝐷(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1.  

Theorem 23.  
Layered graph 𝐷(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1 is an odd harmonious graph.  
Proof.  

Define vertex labeling function as follows 

𝑓(𝑎𝑖
𝑗
) = (8𝑦 + 2)𝑖 + 2𝑗 − 8𝑦 − 4, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦     (8) 

𝑓(𝑏𝑖
𝑗
) = (4𝑦 + 2)𝑖 + 2𝑗 − 4𝑦 − 3, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 2𝑦 + 1     (9) 

𝑓(𝑐𝑖
𝑗
) = (8𝑦 + 2)𝑖 + 2𝑗 − 2𝑦 − 4, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1            (10) 

Based on (8), (9) and (10) a different label is obtained at each vertex  and  

𝑉(𝐷(𝑥, 𝑦)) ⊆ {0,1,2,3, … ,12𝑥𝑦 + 4𝑥 − 3} so the function 𝑓 is injective. 

Next, define edge labeling function as follows 
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𝑓(𝑎𝑖
𝑗
𝑏𝑖

2𝑗−1
) = (12𝑦 + 4)𝑖 + 6𝑗 − 12𝑦 − 9, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦              (11) 

𝑓(𝑎𝑖
𝑗
𝑏𝑖

2𝑗
) = (12𝑦 + 4)𝑖 + 6𝑗 − 12𝑦 − 7, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦               (12) 

𝑓(𝑎𝑖
𝑗
𝑏𝑖

2𝑗+1
) = (12𝑦 + 4)𝑖 + 6𝑗 − 12𝑦 − 5, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦              (13) 

𝑓(𝑏𝑖
2𝑗−1

𝑐𝑖
𝑗
) = (12𝑦 + 4)𝑖 + 6𝑗 − 6𝑦 − 9, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1       (14) 

𝑓(𝑐𝑖
𝑗
𝑏𝑖

2𝑗
) = (12𝑦 + 4)𝑖 + 6𝑗 − 6𝑦 − 7, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦             (15) 

𝑓(𝑏𝑖
2𝑗

𝑐𝑖
𝑗+1

) = (12𝑦 + 4)𝑖 + 6𝑗 − 6𝑦 − 5, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦              (16) 

𝑓(𝑐𝑖−1
𝑦+1

𝑏𝑖
1

) = (12𝑦 + 4)𝑖 − 12𝑦 − 5, 2 ≤ 𝑖 ≤ 𝑥                        (17) 

Based on (11), (12), (13), (14), (15), (16) and (17) a different label is obtained at each 

edge  and  𝐸(𝐷(𝑥, 𝑦)) = {1,3,5,7, … ,12𝑥𝑦 + 4𝑥 − 3} so the function 𝑓
∗
 is bijective. 

Consequently the layered graph 𝐷(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1 is an odd harmonious 
graph ∎ 

Here is the odd harmonious graph of the layered graph 𝐷(5,4).  
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Figure 3. The layered graph 𝐷(5,4)  
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D. CONCLUSION AND SUGGESTIONS 
Based on the results and discussion, a new graph class definition construction is obtained 

for the layered graphs 𝐶(𝑥, 𝑦) and layered graphs 𝐷(𝑥, 𝑦). Furthermore, it has been proven 
that layered graph 𝐶(𝑥, 𝑦)and layered graph 𝐷(𝑥, 𝑦) fulfill odd harmonious labeling so that 
they are odd harmonious graphs. 

Suggestions for future research, this research can be continued by finding new graph 
classes that satisfy the properties of odd harmonious labeling. 
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A. INTRODUCTION  
Graph labeling has been a highly developed graph theory topic in recent years, in addition 

to researchers interested in developing the theory, some have also found applications of 
graph labeling in communication network problems, data security, or cryptography. Graph 
labeling is basically labeling vertices and edges with specific properties (Gallian, 2019). There 
are several types of graph labeling, and one type of graph labeling studied by researchers is 
the odd harmonious labeling. The graph  𝐺(𝑝, 𝑞) with 𝑝 = |𝑉(𝐺)| and 𝑞 = |𝐸(𝐺)| is an odd 
harmonious graph if it fulfills the injective vertex labeling function 𝑓: 𝑉(𝐺) → {0,1,2,3, … ,2𝑞 −
1} and the bijective edge labeling function 𝑓∗: 𝐸(𝐺) → {1,3,5,7, … ,2𝑞 − 1} defined by 𝑓∗(𝑎𝑏) =
𝑓(𝑎) + 𝑓(𝑏) (Liang & Bai, 2009). 

Here are some odd harmonious graph classes that have been found by researchers. Abdel 
Al has obtained odd harmonious labeling of cyclic snake graphs (Abdel-Aal, 2013). Saputri et 
al have obtained dumbbell graphs are odd harmonious graphs (Saputri et al., 2013). Jeyanthi 
and Philo have proved that shadow graphs are cycles graphs with sharing a common vertex 
and edge are odd harmonious graphs  (Jeyanthi & Philo, 2016). Abdel-Aal and Seoud have 
proved the odd harmonious labeling of splitting graphs (Abdel-Aal & Seoud, 2016). Firmansah 
have obtained odd harmonious graph classes, namely snake net graphs (Firmansah & Yuwono, 
2017a) and amalgamation of double quadrilateral windmill graphs (Firmansah & Syaifuddin, 
2018).  

Renuka and Balaganesan (2018a) have proved odd harmonious labeling of complete 
bipartite graphs (Renuka & Balaganesan, 2018a) and triangular snake graphs (Renuka & 
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Balaganesan, 2018b). Seoud and Hafez are introducing strongly odd harmonious graphs 
(Seoud & Hafez, 2018). Kalaimathi and Balamurugan obtained computation of even odd 
harmonious labeling (Kalaimathi & Balamurugan, 2019). Jeyanthi and Philo have obtained 
odd harmonious labeling of pyramid graphs (Jeyanthi & Philo, 2019), line and disjoint union 
of graphs (Philo & Jeyanthi, 2021), and step ladder graphs are odd harmonious graphs  
(Jeyanthi & Philo, 2020). In another paper, Jeyanthi et al have proved that super subdivision 
graphs are odd harmonious graphs (Jeyanthi, Philo, & Siddiqui, 2019) and grid graphs are odd 
harmonious graphs (Jeyanthi, Philo, & Youssef, 2019).  

Febriana and Sugeng (2020) have proved squid graphs and double squid graphs are odd 
harmonious graphs (Febriana & Sugeng, 2020). Govindarajan and Srividya have obtained 
even cycles graphs and dragons graphs are odd harmonious graphs (Govindarajan & Srividya, 
2020). Furthermore, edge amalgamation from double quadrilateral graphs (Firmansah & 
Tasari, 2020), multiply net snake graphs (Firmansah, 2020b), and double triangular snake 
graphs (Senthil & Ganeshkumar, 2020). Firmansah and Giyarti have obtained an 
amalgamation of the generalized double quadrilateral windmill graph (Firmansah & Giyarti, 
2021).  

Zara et al (2021) have proved that even odd harmonious labeling of some graphs (Zala et 
al., 2021). Mumtaz and Silaban have obtained snake graphs with hair (Mumtaz & Silaban, 
2021). In another paper, Mumtaz et all proved that matting graphs are odd harmonious 
graphs (Mumtaz et al., 2021). Sarasvati et al have obtained odd harmonious labeling of Pn C4 
and Pn D2(C4) (Sarasvati et al., 2021). Firmansah has proved that string graphs are odd 
harmonious graphs (Firmansah, 2022). The relevant research results about odd harmonious 
graph classes that have been found can be seen in (Jeyanthi & Philo, 2015), (Jeyanthi et al., 
2015), (Firmansah & Yuwono, 2017b),  (Firmansah, 2017), (Sugeng et al., 2019), (Firmansah, 
2020a) and (Pujiwati et al., 2021).  

In line with the relevant research results, the author constructs new graph classes, namely 
layered graphs 𝐶(𝑥, 𝑦) and layered graphs 𝐷(𝑥, 𝑦). Furthermore, the author has proved that 
the layered graph 𝐶(𝑥, 𝑦)  and layered graph 𝐷(𝑥, 𝑦) satisfy the properties of odd harmonious 
labeling such that they are a new family of odd harmonious graphs. It is possible that this 
result can also be used to solve graph labeling problems, especially odd harmonious graph 
labeling. 
 
B. METHODS 

The research method used in this paper is a qualitative research method. The research 
flow consists of data collection, processing, and analysis.  After the definition of the graph 
class is formed, it is continued with the vertex labeling construction and edge labeling 
construction. Furthermore, the construction of toerem and its proof are formed. The research 
method is as follows.  
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Figure 1. Flowchart research methodology 

C. RESULT AND DISCUSSION 
1. Construction of layered graph 𝑪(𝒙, 𝒚) and its odd harmonious labeling  

The following definition is given for a layered graph 𝐶(𝑥, 𝑦) 
Definition 1.  
Layered graph 𝐶(𝑥, 𝑦) with 𝑥 ≥ 1  and 𝑦 ≥ 1  is a graph with    

𝑉(𝐶(𝑥, 𝑦)) = {𝑎𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1} ∪ {𝑏𝑖

𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 2𝑦}  and  

𝐸(𝐶(𝑥, 𝑦)) = {𝑎𝑖
𝑗
𝑏𝑖

2𝑗−1
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑎𝑖

𝑗
𝑏𝑖

2𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪

{𝑏𝑖
2𝑗−1

𝑎𝑖
𝑗+1

|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑏𝑖
2𝑗

𝑎𝑖
𝑗+1

|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑎𝑖−1
𝑦+1

𝑎𝑖
1

| 2 ≤ 𝑖 ≤ 𝑥}. 

In such a way that it is obtained 𝑝 = |𝑉(𝐶(𝑥, 𝑦))| = 3𝑥𝑦 + 𝑥 and 𝑞 = |𝐸(𝐶(𝑥, 𝑦))| =

4𝑥𝑦 + 𝑥 − 1. The following is given the construction of the layered graph 𝐶(𝑥, 𝑦).  
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Figure 2. Construction of a layered graph 𝐶(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1. 
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Theorem 2.  
Layered graph 𝐶(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1 is an odd harmonious graph.  
Proof.  

Define vertex labeling function as follows 

𝑓(𝑎𝑖
𝑗
) = (4𝑦 + 1)𝑖 + 4𝑗 − 4𝑦 − 5, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1     (1)  

𝑓(𝑏𝑖
𝑗
) = (4𝑦 + 1)𝑖 + 2𝑗 − 4𝑦 − 2, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 2𝑦     (2) 

Based on (1) and (2), a different label is obtained at each vertex  and  𝑉(𝐶(𝑥, 𝑦)) ⊆

{0,1,2,3, … ,8𝑥𝑦 + 2𝑥 − 3} so the function 𝑓 is injective. 
Next, define edge labeling function as follows 

𝑓
∗

(𝑎𝑖
𝑗
𝑏𝑖

2𝑗−1
) = (8𝑦 + 2)𝑖 + 8𝑗 − 8𝑦 − 9, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦    (3) 

𝑓∗(𝑎𝑖
𝑗
𝑏𝑖

2𝑗
) = (8𝑦 + 2)𝑖 + 8𝑗 − 8𝑦 − 7, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦    (4) 

𝑓∗(𝑏𝑖
2𝑗−1

𝑎𝑖
𝑗+1

) = (8𝑦 + 2)𝑖 + 8𝑗 − 8𝑦 − 5, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦   (5) 

𝑓∗(𝑏𝑖
2𝑗

𝑎𝑖
𝑗+1

) = (8𝑦 + 2)𝑖 + 8𝑗 − 8𝑦 − 3, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦    (6) 

𝑓∗(𝑎𝑖−1
𝑦+1

𝑎𝑖
1

) = (8𝑦 + 2)𝑖 − 8𝑦 − 3, 2 ≤ 𝑖 ≤ 𝑥      (7) 

Based on (3), (4), (5), (6) and (7) a different label is obtained at each edge  and  

𝐸(𝐶(𝑥, 𝑦)) = {1,3,5,7, … ,8𝑥𝑦 + 2𝑥 − 3} so the function 𝑓
∗
 is bijective. 

Consequently the layered graph 𝐶(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1 is an odd harmonious 
graph ∎ 

Here is the odd harmonious graph of the layered graph 𝐶(5,5).  
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2. Construction of layered graph 𝑫(𝒙, 𝒚) and its odd harmonious labeling  
The following definition is given for a layered graph 𝐷(𝑥, 𝑦) 

Definition 3.  
Layered graph 𝐷(𝑥, 𝑦)with 𝑥 ≥ 1 and 𝑦 ≥ 1 is a graph with   

𝑉(𝐷(𝑥, 𝑦)) = {𝑎𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑏𝑖

𝑗
| 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 2𝑦 + 1} ∪

{𝑐𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1} and 𝐸(𝐷(𝑥, 𝑦)) = {𝑎𝑖

𝑗
𝑏𝑖

2𝑗−1
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪

{𝑎𝑖
𝑗
𝑏𝑖

2𝑗
| 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑎𝑖

𝑗
𝑏𝑖

2𝑗+1
| 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪

{𝑏𝑖
2𝑗−1

𝑐𝑖
𝑗
|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1} ∪ {𝑐𝑖

𝑗
𝑏𝑖

2𝑗
| 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪

{𝑏𝑖
2𝑗

𝑐𝑖
𝑗+1

|1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦} ∪ {𝑐𝑖−1
𝑦+1

𝑏𝑖
1

|2 ≤ 𝑖 ≤ 𝑥}.  

In such a way that it is obtained 𝑝 = |𝑉(𝐷(𝑥, 𝑦))| = 4𝑥𝑦 + 2𝑥 and 𝑞 = |𝐸(𝐷(𝑥, 𝑦))| =

6𝑥𝑦 + 2𝑥 − 1.  
The following is given the construction of the layered graph 𝐷(𝑥, 𝑦).  
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Figure 4. Construction of a layered graph 𝐷(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1.  

Theorem 2.  
Layered graph 𝐷(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1 is an odd harmonious graph.  
Proof.  

Define vertex labeling function as follows 

𝑓(𝑎𝑖
𝑗
) = (8𝑦 + 2)𝑖 + 2𝑗 − 8𝑦 − 4, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦     (8) 

𝑓(𝑏𝑖
𝑗
) = (4𝑦 + 2)𝑖 + 2𝑗 − 4𝑦 − 3, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 2𝑦 + 1     (9) 

𝑓(𝑐𝑖
𝑗
) = (8𝑦 + 2)𝑖 + 2𝑗 − 2𝑦 − 4, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1            (10) 

Based on (8), (9) and (10) a different label is obtained at each vertex  and  

𝑉(𝐷(𝑥, 𝑦)) ⊆ {0,1,2,3, … ,12𝑥𝑦 + 4𝑥 − 3} so the function 𝑓 is injective. 

Next, define edge labeling function as follows 
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𝑓(𝑎𝑖
𝑗
𝑏𝑖

2𝑗−1
) = (12𝑦 + 4)𝑖 + 6𝑗 − 12𝑦 − 9, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦              (11) 

𝑓(𝑎𝑖
𝑗
𝑏𝑖

2𝑗
) = (12𝑦 + 4)𝑖 + 6𝑗 − 12𝑦 − 7, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦               (12) 

𝑓(𝑎𝑖
𝑗
𝑏𝑖

2𝑗+1
) = (12𝑦 + 4)𝑖 + 6𝑗 − 12𝑦 − 5, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦              (13) 

𝑓(𝑏𝑖
2𝑗−1

𝑐𝑖
𝑗
) = (12𝑦 + 4)𝑖 + 6𝑗 − 6𝑦 − 9, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦 + 1       (14) 

𝑓(𝑐𝑖
𝑗
𝑏𝑖

2𝑗
) = (12𝑦 + 4)𝑖 + 6𝑗 − 6𝑦 − 7, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦             (15) 

𝑓(𝑏𝑖
2𝑗

𝑐𝑖
𝑗+1

) = (12𝑦 + 4)𝑖 + 6𝑗 − 6𝑦 − 5, 1 ≤ 𝑖 ≤ 𝑥, 1 ≤ 𝑗 ≤ 𝑦              (16) 

𝑓(𝑐𝑖−1
𝑦+1

𝑏𝑖
1

) = (12𝑦 + 4)𝑖 − 12𝑦 − 5, 2 ≤ 𝑖 ≤ 𝑥                        (17) 

Based on (11), (12), (13), (14), (15), (16) and (17) a different label is obtained at each 

edge  and  𝐸(𝐷(𝑥, 𝑦)) = {1,3,5,7, … ,12𝑥𝑦 + 4𝑥 − 3} so the function 𝑓
∗
 is bijective. 

Consequently the layered graph 𝐷(𝑥, 𝑦) with 𝑥 ≥ 1 and 𝑦 ≥ 1 is an odd harmonious 
graph ∎ 

Here is the odd harmonious graph of the layered graph 𝐷(5,4).  
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D. CONCLUSION AND SUGGESTIONS 
Based on the results and discussion, a new graph class definition construction is obtained 

for the layered graphs 𝐶(𝑥, 𝑦) and layered graphs 𝐷(𝑥, 𝑦). Furthermore, it has been proven 
that layered graph 𝐶(𝑥, 𝑦)and layered graph 𝐷(𝑥, 𝑦) fulfill odd harmonious labeling so that 
they are odd harmonious graphs. 

Suggestions for future research, this research can be continued by finding new graph 
classes that satisfy the properties of odd harmonious labeling. 
 
ACKNOWLEDGEMENT 

The authors would like to thank the Institute for Research and Community Service of 
Widya Dharma University Klaten for the funding provided for this research. 

 
REFERENCES 
Abdel-Aal, M. E. (2013). Odd Harmonious Labelings of Cyclic Snakes. International Journal on 

Applications of Graph Theory In Wireless Ad Hoc Networks And Sensor Networks, 5(3), 
page?. https://doi.org/10.5121/jgraphoc.2013.5301 

Abdel-Aal, & Seoud. (2016). Further Results on Odd Harmonious Graphs. International Journal 
on Applications of Graph Theory In Wireless Ad Hoc Networks And Sensor Networks, 8(3/4), 
page?. https://doi.org/10.5121/jgraphoc.2016.8401 

Febriana, F., & Sugeng, K. A. (2020). Odd harmonious labeling on squid graph and double 
squid graph. Journal of Physics: Conference Series, 1538(1), page?. 
https://doi.org/10.1088/1742-6596/1538/1/012015 

Firmansah, F. (2017). The Odd Harmonious Labeling on Variation of the Double Quadrilateral 
Windmill Graphs. Jurnal Ilmu Dasar, 18(2), 109. https://doi.org/10.19184/jid.v18i2.5648 

Firmansah, F. (2020a). Pelabelan Harmonis Ganjil pada Graf Bunga Double Quadrilateral. 
Jurnal Ilmiah Sains, 20(1), page?. https://doi.org/10.35799/jis.20.1.2020.27278 

Firmansah, F. (2020b). Pelabelan Harmonis Ganjil pada Graf Ular Jaring Berlipat. Sainmatika: 
Jurnal Ilmiah Matematika Dan Ilmu Pengetahuan Alam, 17(1), page?. 
https://doi.org/10.31851/sainmatika.v17i1.3182 

Firmansah, F. (2022). Odd Harmonious Labeling on Some String Graph Classes. BAREKENG: 
Jurnal Ilmu Matematika Dan Terapan, 16(1), 315–322. 
https://doi.org/10.30598/barekengvol16iss1pp313-320 

Firmansah, F., & Giyarti, W. (2021). Odd harmonious labeling on the amalgamation of the 
generalized double quadrilateral windmill graph. Desimal: Jurnal Matematika, 4(3), 373–
378. https://doi.org/10.24042/djm 

Firmansah, F., & Syaifuddin, M. W. (2018). Pelabelan Harmonis Ganjil pada Amalgamasi Graf 
Kincir Angin Double Quadrilateral. Seminar Nasional Pendidikan Matematika Ahmad 
Dahlan, 6. http://seminar.uad.ac.id/index.php/sendikmad/article/view/402 

Firmansah, F., & Tasari. (2020). Odd Harmonious Labeling on Edge Amalgamation from 
Double Quadrilateral Graphs. Desimal: Jurnal Matematika, 3(1), 65–72. 
https://doi.org/10.24042/djm.v3i1.5712 

Firmansah, F., & Yuwono, M. R. (2017a). Pelabelan Harmonis Ganjil pada Kelas Graf Baru Hasil 
Operasi Cartesian Product. Jurnal Matematika Mantik, 03(02), 87–95. 
https://doi.org/10.15642/mantik.2017.3.2.87-95 

Firmansah, F., & Yuwono, M. R. (2017b). Odd Harmonious Labeling on Pleated of the Dutch 
Windmill Graphs. CAUCHY, 4(4), 161. https://doi.org/10.18860/ca.v4i4.4043 

Gallian, J. A. (2019). A Dynamic Survey of Graph Labeling. The Electronic Journal of 
Combinatorics, 18, issue? page? DOI?. 

Commented [T12]: You should give a general statement, going 

into detail about your results. Then compare it with previous research. 

Commented [T13]: Your conclusion is too similar to Abstract. 

Please re-construct it. Please make the conclusion refer to the purpose 
of your research. 

Commented [T14]: Please complete it. 



8  |  JTAM (Jurnal Teori dan Aplikasi Matematika) | Vol. X, No. X, Month 20XX, pp. XX-YY  

 

 

Govindarajan, R., & Srividya, V. (2020). On odd harmonious labelling of even cycles with 
parallel chords and dragons with parallel chords. International Journal of Computer Aided 
Engineering and Technology, 13(4), page?. 
https://doi.org/10.1504/ijcaet.2020.10029299 

Jeyanthi, P., & Philo, S. (2015). Odd Harmonious Labeling of Some New Families of Graphs. 
Electronic Notes in Discrete Mathematics, 48, page?. 
https://doi.org/10.1016/j.endm.2015.05.024 

Jeyanthi, P., & Philo, S. (2016). Odd harmonious labeling of some cycle related graphs. 
Proyecciones, 35(1), 85–98. https://doi.org/10.4067/S0716-09172016000100006 

Jeyanthi, P., & Philo, S. (2019). Some Results On Odd Harmonious Labeling Of Graphs. Bulletin 
Of The International Mathematical Virtual Institute, 9, 567–576. 
https://doi.org/10.7251/BIMVI1903567J 

Jeyanthi, P., & Philo, S. (2020). Odd harmonious labeling of step ladder graphs. Utilitas 
Mathematica, 115, issue? page? DOI?. 

Jeyanthi, P., Philo, S., & Siddiqui, M. K. (2019). Odd harmonious labeling of super subdivision 
graphs. Proyecciones, 38(1), 1–11. https://doi.org/10.4067/S0716-09172019000100001 

Jeyanthi, P., Philo, S., & Sugeng, K. A. (2015). Odd harmonious labeling of some new families of 
graphs. SUT Journal of Mathematics. Vol? Issue? Page? 
https://doi.org/10.1016/j.endm.2015.05.024 

Jeyanthi, P., Philo, S., & Youssef, M. Z. (2019). Odd harmonious labeling of grid graphs. 
Proyecciones, 38(3), 412–416. https://doi.org/10.22199/issn.0717-6279-2019-03-0027 

Kalaimathi, M., & Balamurugan, B. J. (2019). Computation of even-odd harmonious labeling of 
graphs obtained by graph operations. AIP Conference Proceedings, 2177. 
https://doi.org/10.1063/1.5135205 

Liang, Z., & Bai, Z. (2009). On The Odd Harmonious Graphs with Applications. J. Appl. Math. 
Comput., 29, 105–116. 

Mumtaz, K., John, P., & Silaban, D. R. (2021). The odd harmonious labeling of matting graph. 
Journal of Physics: Conference Series, 1722(1), page?. https://doi.org/10.1088/1742-
6596/1722/1/012050 

Mumtaz, K., & Silaban, D. R. (2021). The odd harmonious labelling of n hair-kC4-snake graph. 
Journal of Physics: Conference Series, 1725(1), page?. https://doi.org/10.1088/1742-
6596/1725/1/012089 

Philo, S., & Jeyanthi, P. (2021). Odd Harmonious Labeling of Line and Disjoint Union of Graphs. 
Chinese Journal of Mathematical Sciences, 1(1), 61–68. DOI? 

Pujiwati, D. A., Halikin, I., & Wijaya, K. (2021). Odd harmonious labeling of two graphs 
containing star. AIP Conference Proceedings, 2326. https://doi.org/10.1063/5.0039644 

Renuka, J., & Balaganesan, P. (2018a). Odd harmonious and strongly odd harmonious labeling 
of some classes of graphs. Indian Journal of Public Health Research and Development, 9(9), 
page?. https://doi.org/10.5958/0976-5506.2018.01031.8 

Renuka, J., & Balaganesan, P. (2018b). Odd harmonious labeling of some classes of cycle 
related graphs. Indian Journal of Public Health Research and Development, 9(9), 403–408. 
https://doi.org/10.5958/0976-5506.2018.01032.X 

Saputri, G. A., Sugeng, K. A., & Froncek, D. (2013). The odd harmonious labeling of dumbbell 
and generalized prism graphs. AKCE International Journal of Graphs and Combinatorics, 
10(2), 221–228. DOI? 

Sarasvati, S. S., Halikin, I., & Wijaya, K. (2021). Odd Harmonious Labeling of Pn C4 and Pn 
D2(C4). Indonesian Journal of Combinatorics, 5(2), page?. 
https://doi.org/10.19184/ijc.2021.5.2.5 

Senthil, P., & Ganeshkumar, M. (2020). K-odd sequential harmonious labeling of double m-
triangular snakes. Advances in Mathematics: Scientific Journal, 9(8), page?.  



  Corresponding Authors, Title in 5 Words...    9 

 

 

https://doi.org/10.37418/amsj.9.8.105 
Seoud, M. A. A., & Hafez, H. M. (2018). Odd harmonious and strongly odd harmonious graphs. 

Kyungpook Mathematical Journal, 58(4), 747–759. 
https://doi.org/10.5666/KMJ.2018.58.4.747 

Sugeng, K. A., Surip, S., & Rismayati, R. (2019). On odd harmonious labeling of m -shadow of 
cycle, gear with pendant and Shuriken graphs. AIP Conference Proceedings, 2192. 
https://doi.org/10.1063/1.5139141 

Zala, D. H., Chotaliya, N. T., & Chaurasiya, M. A. (2021). Even-odd Harmonious Labeling of 
Some Graphs. International Journal of Innovative Technology and Exploring Engineering, 
10(4), page?. https://doi.org/10.35940/ijitee.d8513.0210421 

 
 



Fery Firmansah

This certificate is awarded to:
Paper ID 12506

The Odd Harmonious Labeling of Layered Graphs

We hereby notify that the person above as Author 
of JTAM (Jurnal Teori dan Aplikasi Matematika), Accredited SINTA 2 
in Volume 7 Issues 2 April 2023.

Author Certificate
FKIP UMMat Scientific Journal

Editorial Team,

SYAHARUDDIN
Scopus ID 57204821706


	Bukti Coresponding Author JTAM OK.pdf (p.1-8)
	Review A.pdf (p.9-17)
	Review B.pdf (p.18-26)
	Sertifikat Fery Firmansah (2).pdf (p.27)

